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SUMMARY

Based upon the operator-splitting method designed by the authors to solve the Navier-Stokes equations with
variable density and viscosity, a segregated time-marching solution scheme is proposed for solving the low-Mach-
number flow model with the acoustic waves being filtered out. This solution scheme does not rely on the
correction for global mass conservation to maintain solution accuracy. With this advantage the scheme can be
directly applied to general low-Mach-number flow problems with confidence.The scheme is validated by
comparing the results for a number of test cases with known limiting exact solutions and published numerical
solutions by other authors.
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1. INTRODUCTION

Low-Mach-number compressible flows have a wide range of industrial applications, e.g. combustions,
chemical reactions, natural convections. The numerical simulation of low-Mach-number flows is still a
challenge to contemporary compressible flow algorithms. As is well known,'™ time-marching
compressible flow schemes become ineffective at low Mach numbers because of the wide disparity
of time scales associated with convection and the rapid propagation of acoustic waves (or disturbances)
which quickly contaminates the solutions and therefore reduces the stability of the scheme and destroys
the convergence to steady state.

In order to improve convergence and stability, one common approach is to use a modified
compressible flow model (called the L-model in this paper) for the low-Mach-number case,* which
excludes acoustic waves by separating the pressure p into a thermodynamic part pr which is spatially
uniform and a hydrodynamic part pg, with py < pr in the low-Mach-number case. The usual variable
density model (called the V-model in this paper) and Boussinesq model (called the B-model in this
paper) are particular cases of the L-model.

The main purpose of this paper is to present a segregated time-marching solution algorithm for
numerical solution of this modified model for low-Mach-number flows. This solution scheme does not
rely on the correction for global mass conservation to maintain solution accuracy. With this advantage
the scheme can be directly applied to general low-Mach-number flow problems with confidence,
especially where such a correction is either impossible or unfeasible. The core of this algorithm is an
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operator-splitting method designed by the authors for solving the Navier-Stokes equations with variable
density and viscosity. The operator-splitting method is an efficient and robust method for solving the
Navier—Stokes equations,® ' which enables us to decouple the difficulties in solving the Navier—Stokes
equations, i.e. continuity constraints, non-linearity, coupling of velocity components, and the resulting
subproblems can be solved by specially designed efficient solvers, e.g. a preconditioned conjugate
gradient iterative solver.

In Sections 2—4 we present the model equations. In Section 5 we describe the segregated time-
stepping scheme. In Section 6 we describe in detail the operator-splitting method for solving the Navier—
Stokes equations with variable density and viscosity. In Section 7 we present the results of some
numerical tests and comparisons with known limiting exact solutions and published nunmerical
solutions by other authors. These results clearly show the validity of our algorithm. The problem of
global mass conservation is briefly discussed in Section 8. A rigorous numerical analysis of the
algorithm or a systematic numerical study of low-Mach-number flow regimes like the one done by
Chenoweth and Paolucci’ is not the aim of this paper but will be the topic of future papers by the
authors.

2. GOVERNING EQUATIONS FOR LOW-MACH-NUMBER COMPRESSIBLE FLOWS

In the low-Mach-number case the dissipation effect in the heat equation may be neglected. Consider the
flow in N-dimensional space; assume the vertical (x;) axis pointing upward. Suppose the only body
force is gravity. Then we have the following governing equations.

Continuity equation

Dp

V-u=0.
D +pV-u=0 1)
Momentum equation
Dy, XN 2 5 ap ,
pﬁ—j=1 @(Zyeij—guAéij)+a—x‘._—pgn,-, i=1,...,N, 2)
where
o, N 3u.
2e, = — + 2 =y Z_v.
€ 3xj+3x,-’ A ,-=213x,- V-.u,
0;; is the Kronecker delta function and n; = J;5.
Heat equation
Dr Dp X 8 [, 6 oT
Co———=—=Y —k— .
PO DT A <kaxj) +2 @)
Egquation of state

Remark 1

In general the conductivity k and viscosity u are functions of temperature 7. In this paper we assume
they are of the Sutherland law forms.>® For simplicity, in this paper we assume C,, is constant.
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Remark 2
From equation (4) we have

1Dp 1DT 1Dp
pDt TDt+th' )

Combined with (1), it yields
Dp DT
E +pV-u=Rp— Dr (6)

3. MODIFIED EQUATIONS FOR LOW-MACH-NUMBER COMPRESSIBLE FLOWS

In the case of low-Mach-number flows the pressur p may be separated into a thermodynamic part pr
which is spatially uniform and a hydrodynamic part pg, with p4 < pr>”

p(tx) = pr(t) +p4(t; ). 0
Also, the equation of state (4) may be approximated by
pr=RpT ®

and Dp/Dt by dpy/ dt in equations (3} and (6).
By integrating (6) over the flow domain Q € R", we obtain an ODE for pr:

meas(Q) —— @T (J V'udx)pT = RJ pQZ dx, )
where meas(SQ) is the volume of the flow domain Q.
In summary, we arrive at the following modified model (L-model) for low-Mach-number flows.

Continuity equation

Dp
Veu= 10
STREAALE (10)
Momentum equation
Dy XN 3 ) Py :
st { 2 " L4 -, =1,...,N. 11
P ™ Ly Ghey —HAS) + 3= ey (1D
Heat equation
DT a [ oT dpr
=y k=] =1 . 12
PCo oy Ei ,-( axj) 5 T2 (12)
Egquation of state
pr=RoT. 13

ODEfor pPr

meas(Q)%-F (J V- udx) Pr —-RL p% dx. (14)
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Remark 3

Since the dynamic pressure p4 in the momentum equation is now not related to the density variation,
this model does not contain acoustic waves.

Remark 4

Let p; be a representative density. Introduce ¢ s.t. V¢ is a unit vector in the direction opposite to
gravity and introduce also

Pi=pa+ p:gd +3uA.
Then, rewriting p; as py, the momentum equation (11) can be rewritten as
Du; N 0 ou; auj 3pd
_t_ P —L —_ — = — - i .=1,...,N. 1
"t A ["(axj + &i)] toax, = @ pEm (15)

Remark 5
Two special cases of the L-model are the variable density model (V-model) and the Boussinesq model
(B-model).

Variable density model (V-model)

In some cases, py may be considered constant, e.g. (a) when the flow is open to the atmosphere or (b)
when one is interested in the steady state only. Then the equation of state (13) reduces to

Y ) (16)

where C = pr/R is a constant.
Let T, be a representative temperature and p, = p(7}); then we have

_ Pr
D= T3pa—Ty o

where B, = 1/T, is called the thermal expansion coefficient.
Note that when (T — T,)/T, < 1, equation (17) can be expanded into a Taylor series:

p(1) = p Al = BT — T) + (BT — TP .. }. (18)
In the heat equation (12) we now have dpr/df = 0 and the L-model reduces to the following V-model.

Continuity equation

Dp
—+pV-u=0.
S, Hpv u=0 (19)
Momentum equation
Dy X 9 u; Oy a4 .
"D X axj[”(aﬁa Tag, = "o edem i=L. N, @0

Heat equation

DT Y & (, 0T
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Egquation of state

- — [
p=p(T)=7 FRT=T) (22)

Boussinesq model (B-model)
If the relative change in temperature is small, i.e.

AT
il 1,
T < (23)

then the density p can be considered as constant, i.e. p = p,. If we also take a first-order approximation
to the buoyancy force in the momentum equation (20), then we obtain the Boussinesq model (B-model).

Continuity equation

V-u=0. @49
Momentum equation
Du,- N 3 8u,~ a“j 3pd .
= _ — i G T =L = T-T - =1,...,N. 2
P ,; &, ["(axj o) | T, pBAT — T))gn;, i (25)
Heat equation
DT X a3 { aT
Equation of state
p = p, = const. @7

Note. In the conventional strict Boussinesq model the conductivity k and viscosity p are also
considered to be constants.'>!* However, in the extended Boussinesq model the conductivity & and
viscosity u are allowed to vary with temperature, which leads to an enlarged range of validity when the
fluid viscosity exhibits a relatively strong temperature dependence, e.g. for liquids.'>'*

4. NON-DIMENSIONALIZATION
Define the Rayleigh number Ra = 8,6Tp,gL*/u.a,. Choosing U = (o, /L)/(RaPr) and ps, = p U/L,
we have used the following scaling for the non-dimensionalization (quantities with a ‘hat’ are non-
dimensional):

-~ L ~ ~ A
x; = Lx;, u="Uu, t=gh P4 = ParPas p=p:p,

. X R . kST »
T=T,+0T T, Pt =D1.P15 U= pp, k = kk, Q=—Lz— .

The non-dimensionalized model equations are stated below (with the ‘hat’ being dropped).
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L-model

D
L4 pVeu=0, (28)

Ra\ Dy, X 3 du, du; g _ _ +/(Ra/Pr) -
\/( )th ,25;[“(§+51)]+§;" 5T Y (p—-Dn, i=1,...,N, (29)

7 J

N (k aT) _/RaPr)y—1dpr 0. 30)

DT
RaPr)p— — =
VRS - w\fa) T Tar 7 @

_ Pr
P=Txpor-1° @0
meas(Q) 2T d”T J V-udx —ﬂéTJ DT ix 32
0 pr=F0T | P dx. (32)
V-model
_litg oV-u=0, 33)
Ra\ Duy; X 3 apy _ /(Ra/Pr) -
\/( )p Dt A axj[ ( ) -a—— —_&T—( —l)ni, l—l,...,N, (34)
DT N a (. oT
RaPr)p— — =
VRaPr)p—- ]g Bx]< ij) 0 €)
_ 1
P=Tipor T (36)
B-model
Veu=0, )]

Ra\Dy, X & ou; Oy Py Ra .
‘/(Pr>Dt Ji;l ax,[<ax+ax)]+a_x,. \/(Pr)T i=1,...N, (38)

N 3 ar
J(RaPr)—— zl ax.( ax) =Q. (39)

J 7
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Remark 6

Ra/Pr = Gr is the Grashof number. The Sutherland law**® expressed in the above non-dimensio-
nalized variables becomes
(1+B.0T - T)%(1 +5;)
[+ 83T T+5,
(1+BoT-TY*(1-5)
T 1+BIT TS,

k=

Sk = 0648,

S, = 0-368.

5. SOLUTION BY SEGREGATED TIME STEPPING
Define

J (RaPr)y—1 R = /(Ra/Pr)
ﬁraT Y ’ °T RT '

Introduce p* = \/(Ra/Pr)p and pf =Rypr. Then we may put the non-dimensionalized L/ V/B-models
into the following general forms (with the ‘asterisk’ being dropped).

Rp=Y"21

Navier-Stokes equation

Dy, & du; By gy .
th _;‘é; 5}[ (3x]+8x,):|+§£ f;, i=1,...,N, (40)
Veu=W(Z, u). @&1)
Heat equation
Dr X a{,drT de
Ty 42
PPr o p> axj( ax) +0. 42)
Equation of state
p=pr 1) 43)
ODE for py (for L-model only)
-1 DT
meas(Q)—— de (J V-u dx)pT =7 Prj p— dx. 44)
0 o Dt
Remark 7
@
R.pr
———— L- 1,
A+ BoT 1) for L-mode
plpr, T) = v/(Ra/Pr) model (45)
-—-———-—(1 + BT -T) for V-model,

p = «/(Ra/Pr) for B-model.
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®
- [a_z +(u- V)Z] for L/V-models
=Inp and W(Z,u)= ot ’ (46)
0 for B-model.
©
—(1/8.0D)p — /(Ra/Pr))n; for L/V-models, 47
a pTn; for B-model. “7

(d) For the V/B models the term dpy/df on the RHS of (42) should be dropped and the ODE (44) is
not needed.

Let #" be the time at the nth step, Az be the time step size and f**" denote the value at t = * + nAt of
the function f(¢). The segregated time-stepping scheme we propose for solving the non-dimensionalized
models (40)(44) for low-Mach-number flows is given below.

From {T", u", k", P&, p", Z", w*, p} — {T7"H1, yrt1, pil prtl zntl gyt prtly as follows:

1. Solve for 7"*! the heat equation

7 or n N 8T _ P% _p%_l
pPra + p"Pr(u* - V)T — ,gax( BxJ)—Q+ Ar (48)

by either the fully implicit (backward Euler) scheme or the Crank—Nicolson scheme; u* here may
be taken as u” or the extrapolation 2u” — u"~! for the Euler scheme or (3u” — u"~1)/2 for the
Crank—Nicolson scheme.

2. Calculate p**! = u(T"*') and k"*! = k(T™).

3. (For L-model only.) Solve for p%™! the ODE (44) by either the fully implicit (backward Euler)
scheme or the Crank—Nicolson scheme. Let

_ n+1 n
V = meas(Q), F*=J V-u'dx, st=r— 1P J p (T—T+(u VT )
Q Y Q A

T* denotes T"*! for the Euler scheme and (7"*! 4 T™)/2 for the Crank—Nicolson scheme; u* is
defined as above. The fully implicit scheme is

Vp';:H p"l" * n+1

v =5*. (49)

The Crank—Nicolson scheme is

nt+l
VBB LT o gy = s, (50)

4. Calculate p™*! = p(pit!, T*+1) and Z*+! = In p™+!.
5. Calculate p"*'/2 = {(p"*! + p") and Z,,,, = In p™*'/2.
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6. Solve for {u™+!, p*'} the following Navier-Stokes equation with variable density and viscosity
by the operator-splitting method (which is the topic of Section 6):

au. N 3 ou; Ou; d
pn+1/2__'_ 3 __[un+1 (__1+_1)] +pn+1/2(u.V)ui+%=ﬁn+l/2’ i=1,....N,
i

a j=i o ax; o a
(51)
Veou=wZ'"2, ), (52)
where
Wz, ) = [z — Z) /At + (u- V)Z"/2]  for L/V-models, 53
0 for B-model.
fn+1/2 _ —(1/B8D)p"'? — \/(Ra/Pr)n; for L./ V-models, 4
t pl(T™ + T™)/2m; for B-model.
Remark 8

In the case of closed flow the global mass is conserved. However, the discrete solution pi*! of the
above step 3 does not in general preserve exact global mass conservation, although the deviation is small
and is consistent with the discretization error of the solutions (see Section 8 for a discussion on this
problem). The numerical results in Section 7 also show that the solutions are not sensitive to this small
deviation from global mass conservation. Nevertheless, if we want, we can optionally apply a correction
to pi*! to maintain exact global mass conservation. Denote the discrete solution p7*! of the above step 3

by pr; then the correction can be done in the following steps.

(i) Calculate the initial mass
M = J p° dx = /(Ra/Primeas().
Q
(ii) Compute

_ Rop; *_J *
p*_1+ﬂ,5T~T"+‘ and M = np dx.

(iii) Compute the correction A, by

2= -] [ g o

(iv) Reset pi*! = pf+Ap.
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6. SOLUTION OF NAVIER-STOKES EQUATION WITH VARIABLE DENSITY AND
VISCOSITY BY OPERATOR SPLITTING

6.1. Navier—Stokes equation with variable density and viscosity; its variational formulation

The operator-splitting method is an efficient and robust method for solving the Navier-Stokes
equations,®'? which enables us to decouple the difficulties in solving the Navier—Stokes equations, i.e.
continuity constraints, non-linearity, coupling of velocity components, and the resulting subproblems
can be solved by specially designed efficient solvers, e.g. a preconditioned conjugate gradient iterative
solver. In this section we extend the operator-splitting method to meet the needs of solving the Navier—
Stokes equation with variable density and viscosity, which is the major step in the segregated time-
marching solution algorithm of Section 5. For the convenience of describing the operator-splitting
method, we consider the following general form of Navier—Stokes equation (N—S) with variable density
and viscosity (of which (51), (52) is a special case):

m, XN 9 ou; Ou; op
i _ 5~ O (2 % WV, +P=f, i=1,... N,
P ot ,; axj[”(axj“Lax,. oV tar=s i=L...N (33)

Vou= W, (56)

where p = p(x) and y = u(x) are known functions of x and W (u) is a known function of u.
Let Q be the flow domain and I" its boundary. We will consider two types of boundary conditions
(BCs).

(a) BC1 (enclosed flow):

u=g=0 onl.
(b) BC2 (open or partly open flow):
u=g only, v%:pn+gl onT,

where [ UT", =T

Let L2(Q) be the Hilbert space of square integrable functions defined over Q, H'!() be the Hilbert
space of functions with integrable first-order derivatives and (H (Q))N be the space of N-dimensional
vector functions each of whose components belongs to H'(R). For each of the different types of
boundary conditions above we define different functional spaces as follows.

(a) For BC1:

Ye={vive H'@)",v=gonT},
Yo ={vive H#'®)",v=00nT},
H

= [q|q € LZ(Q),J gdx = 0].
Q
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(b) For BC2:

Ve =(vlve H'@)",v=gonTy},
Yo ={vive (H'@)",v=00nT},
#H =L} Q).

Then the equivalent variational problem (VP) of (N-S) with BC2 type of BC can be stated as follows.
Find u € ¥, p € L*(Q) s.t. Vv € ¥%;, Vg € LX(Q),

J pﬁ-vdx+J qu-Vvdx+J p(u-V)u-vdx—J pV-vdx—J (Vi) + (v- Vyudx
a O Q Q Q Q

=—J W(u)(Vy)-vdx+I f-vdx+[ g, -vdrl, (57)
Q Q

T

L V-ugdx = L W(u)q dx. (58)

Remark 9

The variational formulation for BC1 type of BC is obtained by dropping the line integral term on the
RHS of (57).

6.2. Operator-splitting

Let 0 € (0, %) and «, B € (0, 1). The operator-splitting (O-S) scheme for (57), (58) divides each time
step into the following three fractional steps.

First fractional step
Find u™*? € ¥, p™*? € L2(Q) s.t. VYV € %5, Yg € LH(Q),

u"t? — gn 0
.[ ——-vdx+al uvu™t -Vvdx—j pHv.vdx
o OAt Q Q
= — J qu"-Vvdx—J p(u"-V)u"-vdx+J (Vi) (v-V)u" dx
Q 0 0

- J W (") (Vi) - vdx + j 40 v dx + J g+l .vdr, (59)
Q Q I

J V-u"dx = J W(u")q dx. (60)
Q Q
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Second fractional step
Find u™'~% € 7,10 5.t. Vv € ¥;,

J un-H -0 _ un+0
0

p_(I_—EB)T— ‘vdx + ﬂj yvun+1—8 < Vvdx +J p(“n+l—9 ,V)un+1—0 cvdx
- o .

- | - mwrax
Q
= —ocj pVu™ . Vv dx +J POV -vdx — J W(u")(Vy) - vdx +J 10y qy
Q Q 0 Q

+j gt-f.vdl.  (61)
r,

Remark 10
For the linearized O—S scheme the third term on the LHS of (61) should be replaced by
J p(u™t - Vw10 .y dx. (62)
o
Third fractional step

Find w"*! € ¥ ot p"*! € LH(Q) s.t. Vv € ¥, Vg € LH(Q),
un+1 — lln+1—0
JQ P~6Ar ‘vdx + aJQ uVu™!. Vydx — JQ pP"HV-vdx
= ﬁj MVu"+1_o «Vvdx — J p(u"“—o . v)un+1—0 cvdx + J Vi) (v+ V)u’”““" dx
Q Q Q

_J W(u"+1‘9)(Vy)-vdx+J fn+l ‘VdX-{-j g’1'+1~vdl“,
Q Q T,

J V-u"tlgdx = J w1 %q dx. (63)
Q Q

The subproblems at the first and third fractional steps are of the type of steady quasi-Stokes problem
(QS) with variable density and viscosity. Find u € ¥, p € LX(Q) s.t. Vv € ¥, Vg € (Q),

“oj pu-vdx-f—J uIVu-Vvdx—()J pV-vdx=J f-vdx, (64)
Q o Q Q
J V-uqgdx =J Wq dx, (65)
o Q

with ay = 1/At and u, = afp.
The subproblem at the second fractional step is of the type of (non-linear) diffusion-convection
problem (DC). Find u € ¥ s.t. Vv € ¥;,

“oj pu~vdx+J uZVu-Vvdx+an p(u-V)u-vdx—b,,J (Vu)-(v-V)udx:J f-vdx,
Q Q Q Q 0

(66)
with b, = 1 — 26 and y, = fb u.
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A good choice of 8 is 1 — 1/,/2; & and § can be chosen s.t. 4; = y, so that both subproblems have
the same part of the Helmholtz operator, which will give the same matrices in discretizations.

The subproblems (QS) can be solved by a preconditioned conjugate gradient (CG) method. The
subproblem (DC) can be reformulated as a least squares problem and solved by a preconditioned
conjugate gradient method.

6.3. CG scheme for QS

The steady state quasi-Stokes problem (64), (65) is a special case of the following general
steady quasi-Stokes problem (QS) with variable density and viscosity. Find u e ¥,
p € L{(Q) s.t. Vv € ¥, Vg € [}(Q),

ocJ pu-vdx+J vVu-Vvdx—j pV~vdx=J f-vdx, 67)
Q Q o o
J V-uqu=J Wq dx, (68)
Q Q

where « is a constant, p, v and Ware known functions of the space co-ordinates x and f is a known vector
function of x. This problem (QS) can be solved by the following preconditioned conjugate gradient
iteration scheme.

Step 0. Initialization

(1) p° € L*(Q) given.
(2) Solve for u’ € ¥, s.t. ¥v € ¥,

acJ puo'vdx+J vWul - Vv dx =J
o Q

pOV-vdx+J fovdx.
Q

Q

(3) Solve for Q° € # s.t. Vg € L*(Q),
J Q%qdx = J (V-u® — W)gdx.
Q Q
(4) Solve for @° the Poisson equation

-A®® = 0°,

with BCs ®°/on =0 on [y and @ =0 on T;.

Remark 11

For BC1 type of boundary condition the BC here should be replaced by 3@°/3n = 0 on T, plus the
condition [, ®%dx = 0.

(5) Set g° = mean(v)Q° + & mean(p)®°, where mean(*) = Jo + dx/meas().
(6) Set w® = g,.

Then for n > 0, with p”, u", g" and w” known, obtain p"*!, w*+!, g"*! and w**! as follows.
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Step 1. Descent
(7) Solve for x* € ¥, s.t. YV € ¥},
aJ px"-vdx+J vi"-Vvdx:J w'V - vdx.
0 Q o}

(8) Compute

o (Vw - Wwrdx [ 0rwrdx
b= Vo wdx | VX wrdx

9) Set p™t! =p" — p,w" and W =u" — p X"
(10) Solve for Q**! € # s.t. Vg € L2(Q),

j grtlgdx = J (V-u"! — W)qdx.
Q Q
(11) Solve for ®**! the Poisson equation
—A(I)"+l — Qn+l,
with BCs 30" /an=0on Iy and @' =0 on T,.

Remark 12

For BC1 type of boundary condition the BC here should be replaced by 30"+ /an = 0 on T, plus the
condition [, @' dx = 0.

(12) Set gt = mean(v)Q"*! + o mean(p)®™+'.
(13) Test convergence: if [, 0"*'g"! dx<4, take p =p"*' and u = u**' and stop iteration;
otherwise go to (14).

Step 2. Construct new descent direction

(14) Compute

_ .[Q Qn+1gn+l dx
))n - JIQ Q"g"dx M

(15) Set w*t! = g1 4y w".
{(16) Do n:=n+ 1, go to (7) and repeat the process.

6.4. CG scheme for NL

The diffusion—convection (66) is a special case of the following general non-linear diffusion-
convection problem (DC) with variable density and viscosity. Find u € 7, s.t. Vv € 75,

aJ pu-vdx-l—j vVu-Vvdx+an p(u-V)u-vdx—an (Vvo)-(v-V)udx=J f-vdx,
Q Q Q o} Q
(69)
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where o and b, are constants, p, v and vp are known functions of the space co-ordinates x and f is a
known vector function of x.

Remark 13
For the linearized O-S scheme the third term on the LHS of (69) should be replaced by

bnj p(z- V)u-vds,
Q

where z is a known vector function of x. In the following discussions the corresponding changes will
also be needed.

Define the scalar product in ¥, (and ¥;) as
((v,w)):azj pv-wdx+J VVv . Vwdx. (70)
Q Q
Define y = y(u) € ¥ s.t.

ocj py-vdx+j Wy Vvdx
) Q

=aJ pu-vdx+J vVu-Vvdx+an p(u-V)u-vdx—b,,J (Vvo)-(v-V)udx—J f-vdx.
Q Q Q Q Q

()
Define on ¥, the functional
F¥) =3y, y) (72)
Then (DC) is equivalent to the following least squares problem (LS):
findue 7, st F)<F(V) Ve, (73)

This least squares problem (LS) can be solved by the following preconditioned conjugate gradient
iteration scheme

Step 0. Initialization

(1) u® € ¥, given.

(2) Solve for g° € ¥ s.t. Wv € ¥,
of ooy | W vva= (a0,
0 Q

(3) Set w® =g°.
Then for n>0, with #”, g%, w” known, obtain #"*1, g™+, w**! as follows:
Step 1. Descent
(4) Find 5, € Rst. F(" —n,Ww")< f@" — nw"),Vn € R, where R is the space of all real

numbers.
(5) Set u™! =u" — n,W".
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(6) Solve for g™t € 74 s.t. Vv € 75,
aI pg"+1-v+J W't Vydx = ("), v).
Q Q

(7) Test convergence: if #(u"+') <4, take u = w™*! and stop iteration; otherwise go to (8).

Step 2. Construct new descent direction
(8) Compute

, @)
T @)

9) Set wt! = g™l 4y, w".
(10) Do n:=n+ 1, go to (4) and repeat the process.

Remark 14
A simple perturbation analysis shows that

(j'(u),v):a[ py-vdx+J ny-Vvdx+an p(u-Vv-ydx
Q Q 0

+ b, J‘Q p(v-Viu-ydx — b, L(Vvo) «(y-V)vdx. (74)

Remark 15
Let y; = y(u” — nw"); then we have
Y=Y —nyi +7'y5,
with

(@ y" =y@"),
(b) Y € ¥5 st Vv € ¥,

aJ py’{-vdx-i—J ny’f-Vvdx:aj pw"'vdx+j vWw" - Vv dx
Q Q Q Q

+b“J p(u"’V)w"-vdx+an p(w"-V)u"-vdx—bnj (Vy,): (v-V)w" dx, as)
Q Q Q
() Y3 € ¥y s.t. ¥v e ¥,
ocj pyg-vdx+J nyﬁ-Vvdx:an p(wW" - V)w" - vdx. (76)
Q Q Q

The function #(u" — yw") is a quartic polynomial of 1. Therefore its minimization reduces mainly to
finding the root of a cubic polynomial by Newton’s method.



LOW-MACH-NUMBER COMPRESSIBLE FLOWS 93

7. NUMERICAL RESULTS
8.1. Comparison with exact limiting solution

Consider the natural convectin of a perfect gas in a vertical slot of width L and height H with left and
right wall temperatures T, and T respectively, where T, > T,. Let T, = (T, + T,)/2,0T = T, — T, and
the Rayleigh number Ra be as defined in Section 4. Chenoweth and Paolucci® derived the exact velocity
and temperature profiles of a fully developed one-dimensional flow which exists in the mid-region of the
vertical slot when Ra < Ra, and the aspect ratio 4 = H/L > A 4. For the Prandtl number Pr = 0-71 and
0 < ¢ =6T/2T,<0-6 they stated that

Ra, ~ 8 x 10°Pr(1 — &%), A4~ (2 + Ra/400)/(1 — &%).

In order to verify our solution algorithm, we have compared our numerical results with the exact
solution data for the two test cases below. Note that all the quantities appearing in the figures and tables
of this sectin are non-dimensional with the scaling given in Section 4, except that quantities in Tables I
and II are in the same scaling as used in the figures of Chenoweth and paolucci.® Note also that the exact
solution data in Tables I and II are obtained by measurements from the figures of Chenoweth and
Paolucci.’ In the non-dimensional co-ordinates (x, ) the flow domain is a rectangle [0, 1] x [0, A]. In
Tables I and II the critical point x-co-ordinates X;, X;, X and X,, on the mid-section y = A/2 are defined
as follows: X;—where T = 0; Xo—where velocity y-component u, = 0; X,—where u,, = u;, p5; Xo—
where u, = u,, .

Test Problem 1

As the first test case, we choose ¢ = 0-6, 4 = 10, Ra = 103, Pr = 0-71 and T, = 300 K and consider
a closed slot, i.e. with both ends closed. Both solutions of the L-model with correction to p;*! for mass
conservation (denoted by A-sln.) and without correction (denoted by B-sIn.) are shown in Table I and
Figures 1 and 2. A graded mesh of 720 rectangular elements with 2305 nodes (see Figure 14(a)) is used
for this problem. Without correction to p’:*! the resultant deviation from mass conservation is less than
0-8%. Table I and Figures 1 and 2 show that the solution is not sensitive to this small deviation. The
difference between the two solutions is less than 0-8%. Compared with the exact solution, both solutions
are quite accurate, with errors less than 2%, which is smaller than the difference of 3% between the exact
solution and the numerical Navier—Stokes solution reported by Chenoweth and Paolucci.® Note that the
relatively larger error of 1-4% in X, is due to the linear interpolation used in the velocity profile (Figure
1). A quadratic interpolation will give X; = 0-8792, with a smaller error of 0-7%.

Table 1. A-sin—with correction to p§*!; B-sln.—without correction

Exact sin. A-sln. B-sin. Error in B Diff. of A, B
X 0-6360 0-6374 0-6374 0-2% 0-0%
X 0-6360 0-6374 0-6374 0-2% 0-0%
X, 0-2900 0-2894 0-2894 0-2% 0-0%
X, 0-8730 0-8851 0-8851 1-4% 0-0%
Uy, max 0-0922 0-0981 0-0974 1-8% 0-7%
Uy min —0-0938 -00927 ~0-0920 1.9% 0-8%
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Figure 1. Velocity profile along y = 5: full curve, with correction to p+'; points, without correction

Test Problem 2

As the second test case, we consider an open slot, i.e. with both ends open, and choose
¢=0-6,4=10,Ra = 10°, Pr = 0-71 and T, = 300 K, the same as in the first case. In this case we
no longer have global mass conservation. The exact solution of Chenoweth and Paolucci® for this open
slot is valid under the assumption py = 1; thus the V-model should be used. The same mesh as for the
first case has been used for its solution. Table II compares the V-model solution with the exact solution
and shows very good accuracy, with errors substantially smaller than the difference of 3% between the
exact solution and the numerical Navier-Stokes solution reported by Chenoweth and Paolucci.® Note
also that the relatively larger etror of 1-4% in X, is again due to the linear interpolation used in the
velocity profile (Figure 3).

Figures 3 and 4 show the velocity and temperature profiles along the mid-section y = 5. Note that the
profiles shown by Figures 1-4 are very close to those of Chenoweth and Paolucci® The above
comparision of our results with the exact solutions for the two test cases clearly validates our solution
algorithm for the L/V-models. In particular, our algorithm, unlike some other algorithms, e.g. that of

LRI
(IS TTTT I
T
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RUSTITIINNE

LA YTTTR

-8 10000 -

T T v
[N1I11) [ 11T} L1111 [T [ 1111 1.08009
oottt

Figure 2. Temperature profile along y=5: full curve, correction to p3*!; points, without correction
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Table II. V-sin.—solution of V-model

Exact sin. V-sln Error in V-sin.
X, 0-63600 063740 02%
X, 0-63600 063740 0-2%
X 0-29000 0-28940 0-2%
X 0-87300 088510 1.4%
Uy max 0-09846 0-09845 0-01%
Yy i —0-09615 —009618 0-03%

Chenoweth and Paolucci,” does not rely on the correction to P21 for global mass conservation to
maintain solution accuracy, so it can be applied to more general cases where such a correction is either
impossible or unfeasible. Especially in the case where global mass conservation no longer holds,
algorithms depending on such a correction to maintain solution accuracy cannot be used safely, but our
algorithm can still be directly applied with confidence.
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Figure 3. Velocity profile along y=35
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Figure 4. Temperature profile along y=5
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7.2. Comparison with known numerical results

Test Problem 3

We consider a closed square (4 = 1) with ¢ = 0-6,Ra = 105, Pr =071 and T, =300 K and
compare our L-model solution with that of Chenoweth and Paolucci.’ Figures 5(a) and 5(b) show the
velocity fields by our L-model solution and Chenoweth and Paolucci’s respectively. Figures 6(a) and
6(b) show corresponding isotherm fields. Figure 7 shows the streamline plot of our L-model solution.
Figure 8 shows the graded mesh of 576 rectangular elements with 1825 nodes used for this problem.

Figures 5 and 6 show that our solution is very close to that of Chenoweth and Paolucci. Both solutions
have very similar asymmetry. There is a very pronounced shift of the primary vortex both towards the
cold wall and downwards towards the lower end of the cavity. From Figures 5 and 7 we also see the
appearance of two weak secondary vortices inside the primary roll as observed by Chenoweth and
Paolucci.’ The reason for the appearance of this asymmetry and the secondary vortices has been

C.-H. L1 AND R. GLOWINSKI

(a)

explained by Chenoweth and Paolucci.’
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Figure 5. Velocity fields: (a) L-model; (b) Chenoweth and Paolucci®

Figure 6. Isotherm fields: (a) L-models; (b) Chenoweth and Paolucci®
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Figure 7. Stream lines of L-model solution

Test Problem 4

To validate the B-model solution (i.e. the Boussinesq case), we consider the same geometry as for the
third test problem, with Pr = 0-71. OQur B-model solutions are compared with FIDAP’s (FIDAP is a
well-known commercial finite element CFD package which has a steady state Boussinesq solver using a
fully coupled method). The same mesh as in Figure 8 is used both for our B-model solution and for
FIDAP’s.

Figures 9(a) and 9(b) show the streamlines by our B-model solution and FIDAP’s respectively for the
case of Ra = 10° and T, = 300 K. Note that both solutions predict the same maximum streamfunction
value of 0-01990. Figures 10(a) and 10(b) show the corresponding isotherm fields.

Note that a benchmark solution by de Vah! Davis’ based upon the Boussinesq model for Ra = 106
and Pr = 0-71 has an average Nusselt number of 8-798 along the hot wall. Our B-model solution has an
average Nusselt number of 8-824, which is a very good prediction, with an error less than 0-3%. The
FIDAP solution has an average Nusselt number of 8-893, which, with an error of 1-1%, is slightly less
accurate than our B-model solution.

Figure 8. Mesh for Ra=10% and 4 =1
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(a) (b)
Figure 9. Streamlines for Ra = 10°%: (a) B-model; (b) FIDAP

Listed in Table II are the average Nusselt numbers along the hot wall for three different cases
predicted by FIDAP, our B-model and our L-model. Note that T, = 325 K is used for all three cases.

Figures 9 and 10 and Table Il show clearly that our B-model solutions are almost identical with
FIDAP’s solutions. Our B-model solution is clearly validated by the above comparison results. Table I1I
also indicates that the B-model solution is close to the L-model solution when the relative change in
temperature 6T/T, = 2¢ is below about 25%. This is consistent with the statement by Gray and
Giorgini'® that the Boussinesq model is a valid approximation to low-Mach-number air flows if the
relative change in temperature 67/7, = 2e<0-1.

Table III. Average Nusselt number along hot wall: Nug, FIDAP; Nug, B-model; Ny, L-model

Ra € Nug Nug Nuy, Diff. of Nug, Nug Diff. of Nug, Nu;,
10° 0-013 2:245 2.245 2-237 0-00% 0:36%
10° 0-130 4.527 4.522 4.358 0-11% 3.76%
10° 1.300 8-893 8.824 6-795 0-78% 29-86%

(n) (b)
Figure 10. Isotherm fields for Ra = 10%: (a) B-model; (b) FIDAP
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According to our numerical tests, taking a constant starting value, FIDAP fails to reach a solution for
Ra = 10° owing to divergence of the iterations. This indicated that FIDAP’s solver has a smaller
convergence radius than our algorithm. In order to obtain the solution for Ra = 105, FIDAP has to
perform a sequence of solutions for Ra = 103, 104, 10°, 106 and take the solution for lower Ra as the
starting value for the solution for higher Ra. Such a solution procedure can become computationally
very expensive when the problem size increases, especially in 3D case.

Test Problem 5

As in the first test problem, we consider a closed slot with the ¢ = 0-6,4 = 10, Pr = 0-71 and
T, = 300 K, but with Ra = 10°. A graded mesh of 2160 rectangular elements with 6709 nodes (see
Figure 14(b)) is used for the problem.

Based on their numerical results, Chenoweth and Paolucci® reported that when the aspect ratio A
increases from 7 to 10, the flow regime changes from having a single primary roll at the steady state to
having two vortices, one centred at y = 5.5 and the other at y = 2.5. However, our numerical results
show that up to 4 = 10, although there is a second vortex appearing during the transition to steady state,
the flow returned to a steady state with a single primary roll (see Figures 11 and 12). This disagreement
between our results and Chenoweth and Paolucci’s indicates that the conclusion of such a transition of
the flow regime needs more physical proof. Chenoweth and Paolucci’s finding may have resulted from
the lack of convergence to steady state of their numerical scheme. Their scheme is less implicit in nature
than our algorithm and therefore less stable than our scheme in terms of the ability to damp out errors.
This may cause the convergence to steady state to be slow or even impossible.

® ®

Figure 11. Velocity fields: (a) with correction to P (b) without correction
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(») (b}

Figure 12. Streamlines: (a) with correction to pi+'; (b) without correction

Figures 11(a)-13(a) show the velocity field, streamlines and isotherm field respectively of the solution
of our L-model with correction to p’»}“ for global mass conservation and Figures 11(b)-13(b) show the
corresponding results without correction. It is clearly seen that the two solutions are almost identical.
This again proves that our solution algorithm does not rely on the correction to p%*! for global mass
balance to maintain solution accuracy. In fact, without correction the deviation from global mass
balance is less than 0-35%. Table IV shows that the difference between the two solutions is also less than

0-35%.

8. A BRIEF DISCUSSION ON GLOBAL MASS CONSERVATION

In the case of closed flow, global mass should be conserved. When one adopts the approach of filtering
out the acoustic waves by separating the pressure p into a thermodynamic part pr which is spatially
uniform and a hydrodynamic part p 4, the conservation of global mass has always been a concern,
because the density calculated from the discrete solution of temperature and p; does not in general
satisfy the constraint of global mass conservation. Some authors, e.g. Chenoweth and Paolucci,” use a
correction to p’-}“ to maintain the exact global mass balance and hence the accuracy of the discrete
solution. However, such a correction is not always feasible or even possible for general flows; in
particular, global mass conservation no longer holds in the case of open flows. Algorithms depending on
such a correction to maintain solution accuracy cannot be used safely for such general flow problems.
For general applications, what we need is an algorithm which does not rely on such a correction but still
maintains good solution accuracy for both closed and open flow problems. Our algorithm is indeed such
a generally applicable algorithm.
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Figure 13. Isotherm fields: (a) with correction to p’i*'; (b) without correction

A rigorous numerical analysis of our algorithm will be the topic of future papers by the authors. Here
we would just point out that, locally, the discrete solution of density by our algorithm is consistent with
the continuity equation, or in other words, the discrete density satisfies the continuity equation within
the local truncation (or discretization) error of the discrete continuity equation. This consistency and the
stability of the algorithm guarantee that the deviation from mass balance is within the discretization
error and will not grow and that the discrete solutions will converge to the exact solution when the mesh
size and time step size are reduced. Globally, without correlation to p*!, the deviation from global mass
conservation satisfies the relation

L(p"“ o)1+ O(A]dx = 0.

Therefore, as long as the time step size Af is reasonably small, the deviation from global mass
conservation is negligible and the accuracy of the solutions will not be affected by this amount of
deviation. In fact, for the numerical experiments in the previous section the time step sizes used are

(a) At = 1.0 for 4 = 10, Ra = 103

(b) At =02 for 4 = 10, Ra = 10°
(c) At =0.5for 4 =10, Ra = 10°

Table IV. Steady state values of pr and wTﬂ (maximum value of streamfunction):
A-sln.—with correction to p}“‘ ; B-sln.—without correction

A-sln. B-sln. Diff. of A, B

Pr 09568 09538 0-31%
Vinax 0-1476 0-1478 0-14%
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(2 (b)

Figure 14, Meshes for 4 = 10: (a) for Rz = 10%; (b) for Ra= 10°

which are not that small at all in practice. The good accuracy of the solutions by our algorithm has been
proved by the numerical results in the previous section for both Boussinesq and non-Boussinesq cases.

APPENDIX: NOMENCLATURE

specific heat when pressure fixed
specific heat when volume fixed
gravity

heat conductivity

reference conductivity

reference length

pressure

hydrodynamic part of p

Py, reference dynamic pressure

pr thermodynamic part of p

Pr; Rpr T, r

#,Cy/k;, Prandtl number
volumetric heat source

G, — C,, gas constant
temperature

representative temperature
velocity vector

reference velocity

N o N

TENNROY
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Greek letters

/.Gy, diffusivity

o,
B.  1/T,, thermal expansion coefficient

Y

C,/C,, equals 1-4 for air

6T temperature variation scale

4 molecular viscosity
i,  reference viscosity

p  density

p,  representative density
Miscellaneous

V  gradient operator

D/Dt = 38/dt + u- V, total time derivative operator
v-w scalar product of v and w

10.

1.

13.

14,
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